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Numerical methods  

to simulate 

 compressible flow.

Goal

1. Model :  

Non-linear hyperbolic conservation laws : 

 Euler equations . 

(Building block for Navier-Stokes equations.) 

2. Discretisation :  

Finite Volume method(FV) :  

Godunov-type scheme 

,  

-  : approximation of the solution .  
- : numerical flux. 

3. Riemann solver :  

 - Robust & accurate

∂U

∂t
+ ∇ ⋅ $(U) = 0

un+1
i − un

i

Δt
+

fn
i+1/2 − fn

i−1/2

Δx
= 0

un
i u(t, x)

fi+1/2 = f(ui, ui+1)

Context

2

Methodology

xi xi+1xi−1
xi+1/2xi−1/2

ui
ui−1

ui+1

0. S. Esquieu, E. Benitez, S.P. Schneider, J-P. Brazie, Flow and Stability Analysis of a Hypersonic Boundary Layer over an Axisymmetric Cone-cylinder-flare Configuration, AIAA, 2019. 

3D simulation of Cone-cylinder-flare[0]

Supersonic/hypersonic 
flow: 

Flow with strong shock 
and rarefaction waves.

Problem
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Context

3

Riemann solvers (RS) - Brief history

Riemann problem 
introduced by 

Bernhard 
Riemann.

S.K. Godunov[1] 
used the exact 
solution of the 

Riemann problem 
as building block 
for FV scheme for 
compressible flow. 

Development of 
approximate RS.  

i.e. 
Roe[2], HLL[3], 

HLLE, HLLC[4], 
Osher etc. 

Attempt to develop  

multi-dimensional 
RS.

1860 1959 1980 onwards 2000’s

Improving 
properties of RS. 

i.e. Positivity-
preserving, entropy 

stable. 

1. S. K. Godunov, « A Difference Scheme for Numerical Solution of Discontinuous Solution of Hydrodynamic Equations », Math. Sbornik, vol. 47, 1959, p. 271-306, translated US Joint Publ. Res. Service, JPRS 7226, 1969 
2. P.L. Roe. Approximate Riemann solvers, parameter vectors, and difference schemes. J. Comput. Phys., 43:357–372, 1981.  
3. A.Harten, P.D.Lax, and B.van Leer .On upstream Differencing and GodunovType schemes for Hyperbolic Conservation Laws. SIAM Review, 25(1):35–61, 1983.  
4. E.F.Toro. Riemann Solvers and Numerical Methods for Fluid Dynamics. Springer, second edition,1999. 
5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

Different perspective:  

- Resolution from the Lagrangian standpoint.  

   (Re-interpretation of the work of Gallice[5].)

Common feature: Eulerian framework
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Context

4

Approach :  

Re-interpretation of the work of Gallice[5] by:

Develop Lagrangian RS :  

- Contact discontinuity 
preserving;  

- Positivity-preserving;  

- Entropy stable. 

Develop Eulerian counter-part :  

- Inherits the properties of 
Lagrangian RS;  

- Explicit expression and direct 
estimation of waves speeds;  

- Ordered wave speeds.  

Lagrange-to-Euler  

mapping

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

Outline :  

1. 1D FV scheme :  

- Lagrangian scheme;  

- Eulerian scheme. 

2. 2D FV scheme :  

- Generic multi-dimensional FV scheme;  

- Conservativity and node-based condition;  

- Test case validation. 

3. Extensions of FV scheme. 

4. Conclusion & Perspectives. 
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5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

6..A . Chan, G. Gallice, R. Loubère, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids. 
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1D Governing Equations[5,6]

∂V

∂t
+

∂G(V)

∂m
= 0

1D Lagrangian gas dynamics 1D Eulerian gas dynamics

V = (τ, u, e)t, G = (−u, p, pu)t

Eigenvalues : −
a

τ
,0,

a

τ
,

Entropy inequality : −
∂η

∂t
≥ 0.

∂U

∂t
+

∂F(V)

∂x
= 0

U = (ρ, ρu, ρe)t, F = (ρu, ρu2 + p, ρue + pu)t

Eigenvalues : u − a, u, u + a

Entropy inequality : 
∂ρη

∂t
+

∂

∂x
(ρηu) ≥ 0.

Thermodynamic closure : ,  

Fundamental Gibbs relation : ,  

Isentropic sound speed : 

p(τ, η) = −
∂ε

∂τ
, θ(τ, η) =

∂ε

∂η

θdη = pdτ + dε

a2

τ2
= −

∂p

∂τ
=

∂2ε

∂τ2

Lagrange to Euler formulae

V = τ(U − ρe1) + τe1,

G = F − uU − ue1,

With  e1 = (1,0,0)t .
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5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

6..A . Chan, G. Gallice, R. Loubère, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids. 
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1D Approximate Riemann Solvers[5,6]

1D Lagrangian Riemann problem 1D Eulerian Riemann problem

X

dX

dt
= −

zl

ρ0
l

dX

dt
=

zr

ρ0
r

dX

dt
= 0

t

U
⋆
rU

⋆

l

0
−∆Xl ∆Xr

U l U r

∆t

x

t

0

dx

dt
= S

⋆ dx

dt
= Sr

dx

dt
= Sl

ul
ur

u
⋆

r
u
⋆

l

−∆xl ∆xr

∂V

∂t
+

∂G

∂m
= 0, V(x,0) =

Vl if m < 0,

Vr if m ≥ 0,

∂U

∂t
+

∂F

∂x
= 0, U(x,0) = Ul if x < 0,

Ur if x ≥ 0,

Simple Lagrangian solver Simple Eulerian solver

Composed of 4 states : , 
Separated by 3 discontinuities : . 

Vl, Vr, V⋆
l
, V⋆

r

−λl, 0, λr Construct from the simple 
Lagrangian solver with the 

Lagrange-to-Euler 
mapping. 

<latexit sha1_base64="dOLr8ApZ0Ikush3ZuPHk91kd37g="></latexit>

W(Vl,Vr,
m

t
) =















Vl if
m

t
≤ −λl,

V
?

l
if − λl <

m

t
≤ 0,

V
?

r
if 0 < m

t
≤ λr,

Vr if λr < m

t
.
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5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

6..A . Chan, G. Gallice, R. Loubère, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids. 
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1D Simple Lagrangian Riemann Solver[5,6]

Lagrangian jump relations : 

Positivity and entropy control : Explicit condition on  & λl λr

<latexit sha1_base64="kDrbaE+mHPiZXJa6sxFI2ZkPY7k="></latexit>

(Sl)







λl(τ
?

l
− τl)− (u?

− ul) = 0,
λl(u

?
− ul) + p

?

l
− pl = 0,

λl(e
?

l
− el) + (p?

l
u
?
− plul) = 0,

<latexit sha1_base64="IkdRjyEzRqx3ES7E0jol0uJjs3k="></latexit>

(Sr)







λr(τ
?

r
− τr) + (u?

− ur) = 0,
λr(u

?
− ur)− (p?

r
− pr) = 0,

λr(e
?

r
− er)− (p?

r
u
?
− prur) = 0,

<latexit sha1_base64="fCXEYb3eWgC/nwgSqtBRZSUbX74="></latexit>

λr ≥
ar

τr

<latexit sha1_base64="wQoPeujCmtWAGiEDK06yFdYgG7k="></latexit>

λl ≥
al

τl
,

1. Positivity of intermediate specific volume  : 

2. Positivity of intermediate internal energy  :  

                        For a convex EOS :  

3. Entropy control  :

τ⋆
l

> 0 and τ⋆
r > 0

ε⋆
l

> 0 and ε⋆
r > 0

η⋆
l

≥ ηl and η⋆
r ≥ ηr

<latexit sha1_base64="uBis3CL0AON+r58qtLpx6LQBu0k="></latexit>

λr = max

0

@

ar

τr
,

s

[−p]

τr
,−

[u]

τr

1

A

<latexit sha1_base64="c8Jpc4yXmXWdOIOHId3WqJ/GQ6k="></latexit>

λl = max

0

@

al

τl
,

s

[p]

τl
,−

[u]

τl

1

A ,

<latexit sha1_base64="CuNQpTKe/5N6HRgBEZp4hE61CEc="></latexit>

λs ≥
a(τ, ηs)

τ
, for τ ∈ (τs, τ

?

s
) and s = l, r
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5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

6..A . Chan, G. Gallice, R. Loubère, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids. 
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1D Lagrangian FV scheme[5,6]

Associated Lagrangian FV scheme : 

With u⋆ =
λlul + λrur

λl + λr

−
[p]

λl + λr

,

<latexit sha1_base64="Z09ydI8G1SVCHQUbGcauX8K6Tuo="></latexit>

p
? =

λlpr + λrpl

λl + λr

−

λlλr

λl + λr

(ur − ul)

Time step monitoring

Vn+1
i

= Vn
i −

Δt

mi
(G⋆

i+1/2
− G⋆

i−1/2),

<latexit sha1_base64="FCydhOgVTSJbZiATEgUgB2MY8w0="></latexit>

G
?

i+1/2 =







−u
?

i+1/2

p
?

i+1/2

p
?

i+1/2u
?

i+1/2







Δt = CFL min
i ( mi

λr,i−1/2 + λl,i+1/2 )
Properties of Lagrangian FV scheme :  

- First order in time and space;  

- Positivity preserving;  

- Entropy stability; 

Building block for  

Eulerian FV scheme! 
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1D Simple Eulerian Riemann solver[5,6]

Methodology and assumptions : 

(H1)  

(H2) 

λk(τk+1 − τk) + uk+1 − uk = 0, for k = 1…m,

τk > 0, for k = 1…m .

The simple Eulerian solver is constructed using the Lagrangian solver ( ) with the Lagrange-to-
Euler mapping and assuming that : 

W

(H1) is nothing but the weak form of the mass/volume equation 
∂τ

∂t
−

∂u

∂x
= 0.

Construction of Eulerian wave speeds from the Lagrangian ones : 

, thanks to (H1), and by virtue of (H1) the Eulerian wave speeds are ordered. Λk = uk + λkτk
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5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003. 

6..A . Chan, G. Gallice, R. Loubère, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids. 
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1D Simple Eulerian Riemann solver[5,6]

Summary of the Eulerian RS:

1. Compute Lagrangian wave speeds :    

- Inherit the properties from the Lagrangian solver. 

λl and λr

2. Compute Eulerian wave speeds :  

- ;  

-  

-

Λl and Λ0 and Λr

Λl = − λlτl + ul = − λlτ
⋆
l

+ u⋆

Λo = u⋆,

Λr = λrτr + ur = − λrτ
⋆
r + u⋆

3. Compute intermediate states :  

- Using Lagrangian RS.  

ρ⋆
s , p⋆

s , e⋆
s , s = l, r

Λl Λ0 Λr

<latexit sha1_base64="b56dqffQPp+obyUYk6uK0acEKz0="></latexit>

Us





ρs

ρsus

ρses





Composed of 4 states : , 
Separated by 3 discontinuities : . 

Ul, Ur, U⋆
l
, U⋆

r

−Λl, Λ0, Λr

<latexit sha1_base64="MLNYIMaCPiPXUY+1F2f8ecjIBsE="></latexit>

W
eul(Ul,Ur,

x

t
) =















Ul if x

t
< Λl,

U
?

l
if Λl, <

x

t
< Λ0,

U
?

r
if < Λ0,

x

t
< Λr,

Ur if Λr < x

t
.

<latexit sha1_base64="JQBLdJL0QFU3Ow37EkGzP+jbd7s="></latexit>

U
?

s
=





ρ
?

s

ρ
?

s
u
?

s

ρ
?

s
e
?

s





ρ⋆
l

=
λlρl

ρl(u
⋆ − ul)

+ λl

ρ⋆
r =

λrρr

ρr(ur − u⋆)
+ λr e⋆

r = er −
prur − p⋆u⋆

λr

e⋆
l

= el +
plul − p⋆u⋆

λl

p⋆
l

= pl + λl(ul − u⋆)
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1D Eulerian FV scheme[5,6]

Associated Eulerian FV scheme : 

Time step monitoring

Un+1
i

= Un
i −

Δt

xi
(F⋆

i+1/2
− F⋆

i−1/2),

Δt = CFL
Δxi

maxi ( |un
i | +

λr,i−1/2 + λl,i+1/2

ρn
i )

Properties of Eulerian FV scheme :  

- First order in time and space;  

- Positivity preserving;  

- Entropy stability;  

- Explicit expression for Eulerian wave speeds;  

- Wave speeds ordering. 

Numerical flux : .F⋆ =
1

2
(Fl + Fr) −

Λl

2
(U⋆

l
− Ul) −

Λ0

2
(U⋆

r − U⋆
l
) −

Λr

2
(Ur − U⋆

r )
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1D High-order scheme

12

Modified non-linear smooth solutionDensity Sine wave

Space discretisation:  

Polynomial reconstruction from 1st to 5th 
degree + MOOD limiting.  

Time discretisation: 

Runge-Kutta method

7. S. Clain, S. Diot, and R. Loubère. A high-order finite volume method for systems of conservation laws – multi-dimensional optimal order detection (MOOD). J. Comput. Phys., 230(10):4028 – 4050, 2011. 

Method : 

High-order validation:
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1D numerical results

13

LeBlanc shock tube - First-order scheme

Woodward-Collela blastwave - First-order scheme

Shu-Osher test case - High-order scheme
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Two-dimensional gas dynamics

14

Governing equations :

  

- Vector of conservative variables :  
,  

- Flux tensor :  

-  for simplicity. 

∂U

∂t
+ ∇ ⋅ $(U) = 0,

U = (ρ, ρv, ρe)t ∈ ℝd+2

$(U) ∈ ℝp × ℝd

d = 2

<latexit sha1_base64="Ym6h2XnhdZEXuAvOdPykzoRl8fg="></latexit>

F(U) =





ρv
t

ρv ⊗ v + pId

ρev
t + pv

t





Geometrical framework :

p−

npcf

ωc

p

lpcf

ωpc

p+

f
-  : unit normal to a generic interface,  

-  : unit tangent to the interface, such 
that  a direct basis,  

-

n

t

(n, t)

v = vnn + vtt, vn = v ⋅ n, vt = v ⋅ t .

Assumptions :

- Specific internal energy :    

- Specific entropy :   

- Convexity assumption :  strictly 
convex.  

- Gas dynamics entropy inequality : 

 and thus  

    .

ε = e −
1

2
v2

η

(τ, η) → ε(τ, η)

∂ρη

∂t
+ ∇ ⋅ (ρηv) ≥ 0,

(Σ, Q) = (−ρη, − ρηv)
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Multi-dimensional generic FV scheme[8]
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Subface-based FV discretization : 

xc

xp

lpcf
ωpc

ωc

Fpcf

x
−

p

x
+

p

npcf

f

Notations :  

-  Polygonal tessellation ;  

-  : List of points of ;  

-  : Subcell attached to point p 

-  : List of subfaces attached to .

∪ ωc

0(c) ωc

ωpc

1ℱ(pc) ∂ωc ∩ ∂ωpc

(1) |ωc | (Un+1
c − Un

c) + Δt∫
∂ωc∩∂ωpc

$(Un)nds = 0,

(2) |ωc | (Un+1
c − Un

c) + Δt ∑
p∈0(c)

∑
f∈1ℱ(pc)

lpcFpcf = 0,

- Subface flux : Fpcf = $(Un
c)npcf − ∫

0

−∞

(Wpcfξ − Un
c)dξ

8. G. Gallice, A. Chan, R. Loubère and Maire P.-H., Entropy stable and positivity preserving Godunov-type schemes for multidimensional hyperbolic systems on unstructured grid, submitted J. of Comp. Phys. 
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Multi-dimensional generic FV scheme

16

|ωc | (Un+1
c − Un

c) + Δt ∑
p∈0(c)

∑
f∈1ℱ(pc)

lpcFpcf = 0,

Subface-based FV discretization : 

Non-conservative in the classical sense  

Properties of subface-based scheme :  

- -preserving property under the time step condition : 

                 

Remark : 

- Conservativity of FV scheme and entropy stability is not 
guaranteed.  

- Retrieve conservativity through node-based conditions. 

5

Δt ≤
|ωc |

∑
p∈0(c)

∑
f∈1ℱ(pc)

lpcfξ
min
pcf
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Conservativity of the FV scheme 

17

The FV scheme is conservative if and only if :  

  

                        

With  : Set of cells sharing point .  

∑
c

|ωc | (Un+1
c − Un

c) = 0 ↔ ∑
c

∑
p∈0(c)

∑
f∈1ℱ(pc)

lpcf Fpcf = 0,

↔ ∑
p

∑
c∈9(p)

∑
f∈1ℱ(pc)

lpcf Fpcf = 0,

9(p) p

npcf

xp

lpcf

fF pcf

ωc

Node-based sufficient condition : 

  

  

With  : Set of subfaces impinging at 
point ,  

 : Set of cells sharing subface .  

∑
c∈9(p)

∑
f∈1ℱ(pc)

lpcf Fpcf = 0,

∑
f∈1ℱ(pc)

∑
c∈9(p)

lpcf Fpcf = 0,

1ℱ(p)

p

9( f ) f
Conservativity and entropy stability assured provided 

that  

  

With  is the neighbouring cell such that  and 
. 

∑
f∈1ℱ(pc)

lpcf Fpcf + lpdf Fpdf = 0,

d ωc ∪ ωd = f

lpcf = lpdf

Remarks :  

- Need of an explicit expression of subface flux. 

- Construction of 1D RS in the normal direction npcf
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2D Lagrangian Riemann solver
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∂V

∂t
+

∂Gn(V)

∂m
= 0

V = (τ, vn, vt, e)t, Gn = (−vn, p,0,pvn)t

2D Lagrangian gas dynamics

Left and right flux : 

  G−
n = Gn,l −

m

∑
k=1

λk(Vk+1 − Vk),

G+
n = Gn,r −

m

∑
k=1

λk(Vk+1 − Vk),

 induces a conservative Godunov-type FV scheme if 

  

The usual 1D interface flux is simply given by ,  and writes 

W

G+
n − G−

n = −
m

∑
k=1

λk(Vk+1 − Vk) + Gn,r − Gn,l = 0,

Gn =
1

2
(G−

n + G+
n) Gn =

1

2

m

∑
k=1

|λk | (Vk+1 − Vk) .

Construction of simple Lagrangian solver:
<latexit sha1_base64="dOLr8ApZ0Ikush3ZuPHk91kd37g="></latexit>

W(Vl,Vr,
m

t
) =















Vl if
m

t
≤ −λl,

V
?

l
if − λl <

m

t
≤ 0,

V
?

r
if 0 < m

t
≤ λr,

Vr if λr < m

t
.

- Intermediate states : ,  

- Intermediate fluxes : 

V⋆
s = (τ⋆

s , v⋆
n,s, v⋆

t,s, e⋆
s )t

Gn,s = (−v⋆
n , p⋆

s ,0,p⋆
s v⋆

n )t

Solution of the system : 
<latexit sha1_base64="STKl01GeJJbtB16gSuQcZmV+Ng4="></latexit>

(S)

(

λl(V
?

l −Vl) +G
−

n
−Gn,l = 0,

−λr(Vr −V
?

r) +G
+

n
−Gn,r = 0,
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2D Lagrangian Riemann solver

19

<latexit sha1_base64="Wl18TotTtSiBQGeO9beLFnJb+tE="></latexit>

(Sl)















λl(τ
?

l − τl)− (v?
n
− vn,l) = 0,

λl(v
?

n
− vn,l)− (p?l − pl) = 0,

λl(v
?

t
− vt,l) = 0,

λl(e
?

l − el)− (p?l v
?

n
− plvn,l) = 0,

<latexit sha1_base64="pQIVCljnuiWXXbkhMPETYh0wFuU="></latexit>

(Sr)















λr(τ
?

r
− τr) + (v?

n
− vn,r) = 0,

λr(v
?

n
− vn,r)− (p?

r
− pr) = 0,

λr(v
?

t
− vt,r) = 0,

λr(e
?

r
− er)− (p?

r
v
?

n
− prvn,r) = 0,

 develops into :(1)

(1) 
G+

n − G−
n = λl(V

⋆
l

− Vl) − λr(Vr − V⋆
r ) + Gn,r − Gn,l

Consistency of Lagrangian solver  :(1l) + (1r)
Combine second equation of  : (1l) and (1r)

(2)   

where 

p⋆
r − p⋆

l
= (λl + λr)(v

⋆
n − vn)

vn =
λlvn,l + λrvn,r

λl + λr

−
(pr − pl)

λl + λr

- If  : Conservative Godunov-type FV scheme.  

- If  :  is a parameter,  , non-conservative Godunov-type FV scheme.  

 call upon node-based conservation condition. 

v⋆
n = vn

v⋆
n ≠ vn v⋆

n p⋆
r ≠ p⋆

l

→

9 unknowns for 8 equations   is viewed as a parameter. → v⋆
n
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2D Lagrangian Riemann solver

20

Generic node-based conservation condition : ∑
f∈1ℱ(pc)

∑
c∈9(p)

lpcf Fpcf = 0

Node-based conservation condition writes : 

We prescribe , 

  is the nodal velocity. 

v⋆
n = vp ⋅ n

vp

<latexit sha1_base64="3dCDHD2yCx9ddCgnV/buEZ8LBtI="></latexit>

X

f∈SF(p)

lpcf (p
?

r − p?l )

0

B

B

@

0
1
0
v?
n

1

C

C

A

= 0

Node-based conservation boils down to nodal solver : 

 , 

where  .  

The system always admits a unique solution providing an approximation of the nodal velocity. 

∑
f∈1ℱ(p)

lpcf(λl + λr)(npcf ⊗ npcf)vp = ∑
f∈1ℱ(p)

lpcf(λl + λr)vn,pcfnpcf

vnpcf
=

λlvnpcf,c
+ λrvnpcf,d

λl + λr

−
pr − pl

λl + λr

Substitute Lagrangian flux in  : Fpcf

<latexit sha1_base64="GWgaxHDUQOpzjj8ah1W6Lm6rj/o="></latexit>

−

"

m
X

k=1

λk(Vk+1 −Vk)

#

c,d

+Gn,r −Gn,l

<latexit sha1_base64="GOu0/SVIUgifHswsjQ7p3nHmNDo="></latexit>

= G
+

n
−G

−

n
= (p?

r
− p

?

l
)









0
1
0
v
?

n









.
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Counterpart Eulerian RS

21

Construction of simple Eulerian solver :

By means of Lagrange-to-Euler mapping : 

- Intermediate states : . 

V → U(V)

U⋆
s = (ρ⋆

s , ρ⋆
s v⋆

n,s, ρ⋆
s v⋆

t,s, ρ⋆
s e⋆

s )t

∂U

∂t
+

∂Fn(U)

∂xn

= 0

2D Eulerian gas dynamics

U = (ρ, ρvn, ρvt, ρe)t,

Fn = (ρvn, ρv2
n + p, ρvnvt, ρvne + pvn)t

Eigenvalues : vn − a, vn , vn , vn + a

Entropy inequality : 
∂ρη

∂t
+

∂

∂x
(ρηvn) ≥ 0.

<latexit sha1_base64="SpbwYGZ3ylS3mD5qOQe4ZSgXXAc="></latexit>

W
eul(Ul,Ur,

xn

t
) =















Ul if xn

t
≤ Λl

U
?

l
if Λl <

xn

t
≤ Λ0

U
?

r
if Λ0 <

xn

t
≤ Λr

Ur if Λr ≤
xn

t

Subface Riemann problem : 

 where   

Eulerian RP with respect to the 1D Eulerian 
coordinate 

∂U

∂t
+

∂Fn

∂xn

= 0, Fn = $(U)n

xn = x ⋅ n .

<latexit sha1_base64="J/shK2GVCFDi/5ZPBqA56CGSp6c="></latexit>

U(xn, 0)

⇢

Ul if xn < 0,
Ur if xn ≥ 0.

<latexit sha1_base64="PjK4lHAmCtfFck1ftd/1QPN0szc="></latexit>







Λl = vn,l − λlτl = v
?

n
− λlτ

?

l ,

Λ0 = v
?

n
,

Λr = vn,r + λrτr = v
?

n
− λrτ

?

r ,

Eulerian wave speeds :
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Counterpart Eulerian RS
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Relation between Lagrangian and Eulerian fluxes : 

  G−
n = Gn,l −

m

∑
k=1

λk(Vk+1 − Vk),

G+
n = Gn,r −

m

∑
k=1

λk(Vk+1 − Vk),

Lagrangian left & right fluxes Eulerian left & right fluxes

G+
n − G−

n = −
m

∑
k=1

λk(Vk+1 − Vk) + Gn(Vr) − Gn(Vl)

(1) F+
n − F−

n = −
m

∑
k=1

Λk(Uk+1 − Uk) + Fn(Ur) − Fn(Ul)

(2) F+
n − F−

n = −
m

∑
k=1

λk(Vk+1 − Vk) + Gn,r − Gn,l

Substitute expression of eulerian wave speeds 
 and  

using Lagrange-to-Euler mapping : 

Λk = vn,k + λkτk

Fundamental formula : 

,  −
m

∑
k=1

Λk(Uk+1 − Uk) + Fn(Ur) − Fn(Ul) = −
m

∑
k=1

λk(Vk+1 − Vk) + Gn(Vr) − Gn(Vl)

F+
n − F−

n = G+
n − G−

n
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Counterpart Eulerian RS
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npcf

xp

ωc

ωd

lpcff

FpdfFpcf

Summary of the subface-based FV scheme:

<latexit sha1_base64="pA9jkSF2vZXi6oCY52s5RuNNTCE="></latexit>

Fpcf =
1

2
[Fn,pcf (Uc) + Fn,pcf (Ud)]−

1

2

"

m
X

k=1

|Λk|(Uk+1 −Uk)

#

c,d

−

<latexit sha1_base64="Ty2MADjjiE0YBoHhgSmP/dbM7zM="></latexit>

−

1

2
(λl + λr)[vp · npcf − vn,pcf ]









0
1
0
Vp · npcf









.

The multi-dimensional numerical flux corresponds to the  

classical one-dimensional numerical flux + nodal contribution from the node velocity vp

1. Subface-based FV scheme :  

Un+1
c − Un

c +
Δt

|ωc | ∑
p∈0(c)

∑
f∈1ℱ(pc)

lpcf Fpcf = 0,

2. Lagrange-to-Euler mapping :  

−
m

∑
k=1

Λk(Uk+1 + Uk) − Fn,r − Fn,l = −
m

∑
k=1

λk(Vk+1 − Vk) + Gn,r − Gn,l

3. Subface flux  writes : Fpcf = F−
pcf
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Comparison of classical scheme and Subface-based FV scheme

24

Classical FV scheme : Two-point scheme Subface-based FV scheme - Multi-point scheme

ωc ωd

Uc Ud
ncd

Stencil

<latexit sha1_base64="euuO3T5OwclALxLmGR3vNpIWC8U="></latexit>

ωc

<latexit sha1_base64="FmZPqZGQBlkTQUzwGLRcPyGAXrs="></latexit>

ωd <latexit sha1_base64="3TaVd/9WpfOMnsI4za2s5GzdDr0="></latexit>

ncd

<latexit sha1_base64="euuO3T5OwclALxLmGR3vNpIWC8U="></latexit>

ωc

<latexit sha1_base64="FmZPqZGQBlkTQUzwGLRcPyGAXrs="></latexit>

ωd <latexit sha1_base64="3TaVd/9WpfOMnsI4za2s5GzdDr0="></latexit>

ncd

<latexit sha1_base64="2qQJluLJ//L9jNwwrkFohOC8hZA="></latexit>

p
<latexit sha1_base64="ZfCM9ogEUKAYMWDBT6iwH/oEzcU="></latexit>

p
+

Stencil

p

p+1

vp

ωc

ωd

Uc

Ud
ncd
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400 800
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0 Multi-point solver

Two-point solver
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400 800
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10−4
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Multi-point solver

Two-point solver
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ε0

2D Numerical results
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10

10

ε
0
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<latexit sha1_base64="IXIpOCHJWstKNHjZnT9xO7twU8U="></latexit>

300
<latexit sha1_base64="d6xNlxccbKzDF3klPezmMNDazQY="></latexit>

350
<latexit sha1_base64="RzpDNIBGH17CrrQwbthEmWkJs7E="></latexit>

Position x

 

ε
0
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Position x

Odd-even decoupling

Comparison of first-order two-point solver and multi-point solver.

Two-point solver

Modified Odd-even decoupling[11]

Multi-point solver

Two-point solver

Multi-point solver

11. A.V. Rodionov, artificial viscosity Godunov-type schemes to cure the carbuncle phenomenon, Journal of Computational Physics(345):208-329, 2017

Deviation  en fonction 
de la position de choc 

ε0

Xs

Deviation  en fonction 
de la position de choc 

ε0

Xsε0 = maxi,j( |ρi,j − ρi | ),

ρi =
1

J

J

∑
j=1

ρi,j
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2D Numerical results

26

Noh test case on a polar grid













Mach 20 flow over half-cylinder

30 60 90
theta θ

0

0.5

1.0

1.5

2

P
re
ss
u
re

co
effi

ci
en
t
C

p

Exact solution

Two-point solver - 5671 triangular cells

Multi-point solver - 5671 triangular cells

Multi-point solver - 5000 quadrangle cells

Multi-point solver - 2872 polygonal cells

Comparison of first-order two-point solver and multi-point solver.

Two-point solver Multi-point solver Multi-point solverTwo-point solver

Newtonian law

Multi-point solver scatter plot - 
Symmetrical solution

Two-point solver scatter plot

Shock 
instability :  
Carbuncle
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2D Numerical results
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Sedov test case[12]

 

X

Y

(a)

X

Y

(b)

Comparison of first-order two-point solver and multi-point solver.

Two-point solver Multi-point solver
Cartesian grid Irregular cartesian grid

12. N. Fleischmann, S. Adami, N. Adams, A shock-stable modification of the HLLC Riemann solver with reduced numerical dissipation, Journal of Computational Physics(423), 2020.
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Isentropic vortex

Second order extension for both two-point and multi-point solver

2.5× 10−3 5× 10−3 1× 10−2 2× 10−2 4× 10−2

Mesh spacing ∆x

10−7

10−6

10−5

10−4

10−3

L
2
E
rr
o
r

slope -1.04

slope -2.07

slope -1.08

slope -1.95

Two-point solver - EUL-0

Two-point solver - EUL-1

Multi-point solver - EUL-0

Multi-point solver - EUL-1

-5.0 -2.5 0 2.5 5.0
Position x

0.5

0.6

0.7

0.8

0.9

1.0

D
en
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ty

ρ

Exact solution

Two-point solver - Eul-1

Two-point solver- Eul-0

Multi-point solver - Eul-1

Multi-point solver- Eul-0

2D Numerical results
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X

(d)

X

Y

X

Y

X

Y

(a)

X

Y

(b)

X

Y

X

Y

 

X

Y

X

Y

(a) (b)

2D Numerical results
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Mach 3 flow over forward-facing step[13]

Comparison of first-order and second-order two-point solver and multi-point solver.

Two-point solver Eul-1

Two-point solver Eul-0 Multi-point solver Eul-0

Multi-point solver Eul-1

13. P. Woodward, P. Colella, The numerical simulation of two-dimensional fluid flow with strong shocks, Journal of Computational Physics(54), 1984.

Shock 
instability 
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2D Numerical results

30

Mach 2.032 planar shock wave and square cavity[14]

Comparison of second-order two-point solver and multi-point solver.

Two-point solver Eul-1 Multi-point solver Eul-1

14. O. Ugra, J. Falcovitz, H. Reichenbach, W. Heilig,  Experimental and numerical study of the interaction between a planar shock wave and a square cavity, J. Fluid Mech(313), 1996.

Shock 
instability 



 

 

15th March 2022Commissariat à l’énergie atomique et aux énergies alternatives Agnes CHAN

Extensions: 3D FV scheme and 2D axi-symmetric scheme

31

0.25 0.5 0.75 1
Radius r

0

0.25

0.5

0.75

1

D
en
si
ty

ρ

Reference solution

2D-axisymmetric multi-point solver- 1282

2D-axisymmetric multi-point solver - 642

3D multi-point solver - 1283

3D multi-point solver - 643(yu)t + (yf)x + (yg)y = s

u = (ρ, ρu, ρv, ρe)t

f = (ρu, ρu2 + P, ρuv, (ρe + P)u)t

g = (ρv, ρuv, ρv2 + P, (ρe + P)v)t

s = (0,0,P,0)t

Add source term  

 in two-point and multi-point scheme. 

(s − g)/y

3D multi-point scheme  

1283 (N=2097152)  

hexahedral cells

2D-axisymmetric 

multi-point scheme  

1282 (N=16384) 

quadrilateral cells

Comparison of 3D and 2D axi-symmetric scheme.
3D platform based on PETSc architecture

2D axysymmetric
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Numerical results

Sedov test case
Two-point solver Multi-point solver

Comparison of 3D and 2D axi-symmetric scheme.

0.6 1.2
Radius r

0

2.0

4.0

6.0

D
en
si
ty

ρ

2D-axisymmetric multi-point solver- 1282

3D multi-point solver - 1283
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3D multi-point scheme

2D-axisymmetric  

multi-point scheme

33

Numerical results

Mach 20 flow over sphere

Density at stagnation point: 
- Analytic             : 6.4378 
- 2D axi-symmetric : 5.711 
- 3D scheme          : 5.599 
- 3D refined wall    : 6.383

N = 255000 
hexahedral cells

N = 3000 
quadrilateral cells
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Recirculation zone : 

 Cannot be captured by Eulerian code !! 

But as soon as viscosity effects become small, 

Eulerian code matches the reference data.

Blunted cone-flare test case[15]
Comparison of our 3D solver and  

a structured 2D axisymmetric solver[16].

3D Numerical results

Ma = 6; N = 1.5 million hexahedras (3D)

N = 2 million quadrangles

Recirculation zone
Eulerian code matches reference data 
when viscosity effect becomes small

15. R. Savinoo, D. Paterna, Blunted cone-flare in hypersonic flow, C&F 34, 2005. 

16. T. Bridel-Bertomeu, Immersed boundary conditions for hypersonic flows using ENO-like least-square reconstruction, C&F 215, 2021
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3D Numerical results
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Maneuvrable Re-entry Vehicle (MaRV)[17]

Ma = 5; N = 11 million tetrahedra

Extra rarefaction on bottom side.

Streamlines on bottom and top 
side are non-symmetrical.

17.T. Petsopoulos, F. Regan, J. Barlow, Moving-mass roll control system for fixed-trim re-entry vehicle, Journal of Spacecraft and Rockets, 1996, 33(1),
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Extensions: Implicit time discretization

36

Implicit scheme : 

Rc(U
q+1) ≈ Rc(U

q) + ( ∂Rc

∂Uc

|
Uq ) δUq

c

Taylor expansion of  :Rc

 

- Residual : ,  

-  .  

|ωc |

Δt
δUc = − Rc(U

n+1)

Rc(U) = ∑
p∈0(c)

∑
f∈1ℱ(pc

lpcf Fpcf

δUc = Un+1
c − Un

c

Define  as the Newton or nonlinear iteration 
counter :  

 

q

|ωc |

Δt
(Uq

c + δUq
c − Un

c) = − Rc(U
q+1) .

 

Unknown

= Uq+1
c

We want to find , by setting  : δU → 0 q = 0

[ |ωc |

Δt
+

∂Rc(U
n)

∂Uc ] δUc = − Rc(U
n) .

Implicit scheme for steady state yields : 

Implicit 
operator

,  

- Diagonal block-matrix : ,  

- Block matrix containing the 
Jacobian of numerical flux : .

(
=

Δt
+ >) δU = − Rc(U

n)

=

>

Matrix form of the implicit operator : 

- Iterative method : GMRES 

- Preconditioning  : ILU 

Solving non-linear system : 
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Extensions: Implicit time discretization

37

Implicit numerical results : Mach 20 flow over half-cylinder
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Two-point scheme - CFL = 1

Two-point scheme - CFL = 10

Multi-point scheme - CFL = 1

Multi-point scheme - CFL = 10
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Two-point scheme - CFL = 1

Two-point scheme - CFL = 10

Multi-point scheme - CFL = 1

Multi-point scheme - CFL = 10

N = 5000 quads N = 5671 tris

Two-point scheme Multi-point scheme

Two-point scheme Multi-point scheme
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Extensions: Implicit time discretization

38

Implicit numerical results : Mach 6 flow over blunt cone-flare

N = 61494 tris

100 101 102 103 104
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Multi-point scheme - CFL = 1000

Density Pressure
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Extensions: Shallow water equations

39

∂V

∂t
+

∂

∂m
H(V) = P(V),

1D Lagrangian shallow water equations

V = (1/h, u)t, H(V) = (−u, p)t

P(V) = (0, − gh∂mB)t

∂U

∂t
+

∂

∂x
F(U) = S(U),

1D Eulerian shallow water equations

U = (h, hu)t,

S(U) = (0, − gh∂xB)t

F(U) = (hu, hu2 + p)t

Pressure :  

Entropy inequality : 

p = g
h2

2

∂

∂τ
E +

∂

∂m
(pu) ≤ − ghu∂mB

X

Topography , B

Free surface, h

Y

Z
Construction of simple well-balanced Lagrangian solver:

V⋆
s = (

1

h⋆
s

, u⋆
s )

<latexit sha1_base64="MfbyfmhJQZk6rRKlE6POZ+JOjWs="></latexit>

W(
m

t
,Vl,Vr) =















Vl if m

t
≤ −λl,

V
?

l
if −λl ≤

m

t
< 0,

V
?

r
if 0 < m

t
≤ λr,

Vr if m

t
≥ λr.

With
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Extensions: Shallow water equations

40

Consistency of the Riemann solver : 

Jump relations :  

 

 

u⋆
l

− λl

1

h⋆
l

= ul − λl

1

hl

,

u⋆
l

= u⋆
r ,

u⋆
r + λr

1

h⋆
r

= ur − λr

1

hr

,

 

Where 

−λl(V
⋆
l

− Vl) + λr(Vr − V⋆
r ) = ΔH − ΔmP,

hΔB = Δmh∂mB

Compute intermediate states u⋆
s , h⋆

s

Lake at rest stationary solution, 
 :  

.  

We set  , provided that 

ul = ur = 0,hl + Bl = hr + Br = η constant

ghΔB = − (pr − pl)

hΔB = h(Br − Bl)

h =
1

2
(hr + hl)

Lagrangian numerical flux : 

H⋆ =
1

2
(Hl + Hr) −

λl

2
(V⋆

l
− Vl) −

λr

2
(Vr − V⋆

r ) .

Lagrange-to-Euler mapping: 

Λl = ul − λl

1

hl

, ΛO = u⋆, Λr = ur + λr

1

hr

Eulerian numerical flux : 

 F⋆ =
1

2
(Fl + Fr) −

Λl

2
(U⋆

l
− Ul) −

Λ0

2
(U⋆

r − U⋆
l
) −

Λr

2
(Ur − U⋆

r ) .
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Extensions: Shallow water equations 2D Numerical results
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Lake at rest over 3 mounds : Quirk test case : 

Two-point solver Multi- point solver
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Conclusion & Perspectives
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1. Novel class of subface-based FV scheme for hyperbolic systems.  

2. Subface numerical flux with non conservative approximate Riemann 
solvers.  

3. Simple Lagrangian Riemann solver and Eulerian counterpart thanks to 
Lagrange-to-Euler mapping.  

4. Node-based conservation and entropy condition. 

5. Positivity and entropy stability under explicit time step condition;. 

6. FV scheme less sensitive to instabilities.  

7. Gas dynamics application.  

8. Extensions : 3D, implicit time discretization, shallow water equations. 

Conclusion

Perspective :

1. Extension to complex physics : MHD, multi-material flows etc.  

2. Navier-Stokes equations.  

3. Real gas. 
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Cylindrical Sod shock tube

Comparison of two-point solver and multi-point solver.

Multi-point scheme

Order

CPU 

time  

[s]

N. 

Iter

Time per iteration[s] (CPU deocmposition [%])

Efficiency 
[µs/iter/

cell]
Time 

step

Nodal solver
P1 

recon.
Limiter

Residual

ui
n+1

States Dukowicz
Nodal 

velocity
States RS

1 176.51s 829
1.765s 

(1%)

0.066s 

(26%)

0.023s 

(11%)

0.066s 

(31%)
- -

0.043s 

(20%)

0.021s 

(10%)

0.002s 

(1%)
5.14

2 391.28s 845
3.913s 

(1%)

0.107s 

(23%)

0.027s 

(6%)

0.148s 

(32%)

0.088s 

(19%)

0.019s 

(4%)

0.046s 

(10%)

0.019s 

(4%)

0.005s 

(1%)
11.184

Two-point scheme

Order

CPU 

time  

[s]

N. Iter Init.

Time per iteration[s] (CPU deocmposition [%])

Efficiency 
[µs/iter/cell]Time 

step

P1 

recon.
Limiter

Residual
ui

n+1

States RS

1 
(Eul-0)

38.7 847
2.32s 

(6%)

0.397s 

(1%)
- -

0.032s 

(69%)

0.01s 

(22%)

0.0009s  

(2%)
1.104

2 
(Eul-1)

148.65s 895
1.48s 

(1%)

0.002s 

(1%)

0.091s 

(55%)

0.018s 

(11%)

0.042s 

(25%)

0.009s 

(6%)

0.002s 

(1%)
4.011
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Comparison of numerical density and internal energy CPU time decomposition
(40000 quadrilateral cells)

Annexe


