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Context

g Goal N ([ Problem - K Methodology \
1. Model :
Numerical methods Supersonic / hypersonic Non-linear hyperbolic conservation laws :
" ) 1 " ﬂOW: aU
"INE Flow with strong shock Euler equations ot FV-HU) = 0.

compressible tlow. and rarefaction waves
) | (Building block for Navier-Stokes equations.)

\_ L _ 2. Discretisation :

Finite Volume method(FV) :

3D simulation of Cone-cylinder-flarelol Godunov-type scheme
n+1 n n n
L S R T 0
: -
At Ax

- w’: approximation of the solution u(z, x).

- fl+1/2 — f(lll, llH_l) numerical ﬂU.X

u;,_

Xi—1/2 Air1/2

3. Riemann solver :

\_

0. S. Esquieu, E. Benitez, S.P. Schneider, J-P. Brazie, Flow and Stability Analysis of a Hypersonic Boundary Layer over an Axisymmetric Cone-cylinder-flare Configuration, AIAA, 2019.
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Context

Riemann solvers (RS) - Brief history

S.K. Godunov!!l

R; bl used the exact DevelqpmintRoSf Improving
PR probIciil solution of the AppProxiate . Attempt to develop || properties of RS.
introduced by i.e. . . . .

multi-dimensional 1.e. Positivity-

Riemann problem |
2] 3

Bernhard as building block HII{EGE ,HHIPIIJJC 4] RS. preserving, entropy
’ o stable.

Riemann. for F'V scheme for Osher etc.
compressible tlow.

1860 1959 1980 onwards 2000’s

- SHHE . Y O |
Common feature: Eulerian framework

oA A\ M
| \fg oS
R /(N = I Y,
11 A Different perspective:

T :,__ - Resolution from the Lagrangian standpoint.

LAGRANGIAN (Re-interpretation of the work of Galliceld.)

APPROACH

1. S. K. Godunov, « A Difference Scheme for Numerical Solution of Discontinuous Solution of Hydrodynamic Equations », Math. Sbornik, vol. 47, 1959, p. 271-306, translated US Joint Publ. Res. Service, JPRS 7226, 1969

2. P.L. Roe. Approximate Riemann solvers, parameter vectors, and difference schemes. J. Comput. Phys., 43:357-372, 1981.
3. A.Harten, P.D.Lax, and B.van Leer .On upstream Differencing and GodunovType schemes for Hyperbolic Conservation Laws. SIAM Review, 25(1):35-61, 1983.

4. E.F.Toro. Riemann Solvers and Numerical Methods for Fluid Dynamics. Springer, second edition,1999.

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
. . T . . ’ . .
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Context

Approach :

Re-interpretation of the work of Gallicel®! by:

4 O 4 O

Lagrange-to-Euler Develop Eulerian counter-part :

mapping - Inherits the properties of
Lagrangian RS;

Develop Lagrangian RS

- Contact discontinuity

preserving; ——————
- Explicit expression and direct

- Positivity-preserving; . .
Y P 55 estimation of waves speeds:

- Entropy stable. - Ordered wave speeds.

\_ J \_ J

Outline : |

1. 1D FV scheme :
- Lagrangian scheme;

- Fulerian scheme.

2. 2D FV scheme :
- Generic multi-dimensional F'V scheme;
- Comnservativity and node-based condition;
- Test case validation.

3. Extensions of F'V scheme.
4. Conclusion & Perspectives.

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
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1D Governing Equationsl5.6l

r N

1D Lagrangian gas dynamics

~

1D Eulerian gas dynamics

oV  0G(V oU oJF(V
AL OFY)
ot om ot ox
V=(r,u,e), G=(—u,p,pu) U = (p, pu, pe)', F = (pu,pu®+ p, pue + pu)’

a _da . S
Figenvalues : ——,0,—, Figenvalues : u —a,u,u+a

T T

0 0
Entropy inequality : > 0. Entropy inequality : o + —(pnu) > 0.

K or ) K ot  0x j

o€ Lagrange to Euler formulae

Thermodynamic closure : p(z,n) = - , O(t,n) = —,
ot on

V =17(U — pe,) + e,
Fundamental Gibbs relation : 8dn = pdr + de,

| 2 op O G =F — uU — ue,,
Isentropic sound speed : — = = —

72 or 012 With e, = (1,0,0)".

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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Cea 1D Approximate Riemann Solvers!|5:6]

N

t t
b, A
dt

1D Lagrangian Riemann problem 1D Eulerian Riemann problem

axX _ _z dX _ 2z

_________________________________________

U,

| | > : 1
—AX] 0 AXy X — Az 0 Az, x

oV 0G vV, it m < 0, oU OF -
F—~ =0, Vo) = ' F— =0, Ux0= Ut x<0
ot om V. it m > 0, of  Ox U if x> 0.

r

Simple Lagrangian solver Simple Eulerian solver

Composed of 4 states : V,V_,V*, VX,
Separated by 3 discontinuities : —4;, 0, 4.. Construct from the simple
Lagrangian solver with the

Lagrange-to-Euler

mapping.

Vl 1f%§_)\l7
m, Vz(if—)\l<%§0,
V. it A < 7.

\_ /2N j

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.

6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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Cea 1D Simple Lagrangian Riemann Solver!5:l

Lagrangian jump relations :
)\Z(Tl* —7) — (v —u) =0,

A
(Sl) )\Z(U* — ul) _I_pz( — P —= Y, (Sfr') AT(U* — ufr) — (p: — Pr
Ai(e] —er) + (pju* — prug) = 0, A

Positivity and entropy control : Explicit condition on 4, & 4,

(.Positivity of intermediate specific volume 7* > 0 and 7 > 0 :

\, = max ﬂ7 [p]) ul . — max ar [|=p [y

; ;
T T T Tr Tr Ty

2. Positivity of intermediate internal energy &* > 0 and £~ > 0 :

aj a
For a convex EOS : X\ > —., A\, > —

T] Tr
3. Entropy control * > n; and ) > 7, -
a(T,
_ Ag > ( nS),fOITG(TS,T;) and s = 1[,r
T

/

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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Cea 1D Lagrangian FV schemel5:6]

Associated Lagrangian FV scheme

n+1 n At * * * _Zi+1/2
Vi = Vi - (Gi+1/2 o Gi—1/2)’ Gi—|-1/2 — pi+1/2

n. * *
: Pit1/2Wiy1/2

\_ J

. /Ilul T /Irur [p] * )\lp’r T )\rpl )\l)\r

With u>* = - , — -
| et d Al WS W s WG )

144X
Time step monitoring At = CFLmin :
i\ Anic1n T g1

Properties of Lagrangian F'V scheme :
- First order in time and space; Building block for
- Positivity preserving; Eulerian FV scheme!

- Entropy stability;

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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1D Simple Eulerian Riemann solver!5.l

Methodology and assumptions :

Ghe simple Eulerian solver is constructed using the Lagrangian solver (W) with the Lagrange-to-
Euler mapping and assuming that :

(Hl) ﬂk(Tk_l_l — Tk) + Up 1 — U = O, for k = 1m,

~

(H2) 7, > 0, for k=1...m.
ot  ou

(H1) is nothing but the weak form of the mass/volume equation = 0.

K ot 0x j

Construction of Eulerian wave speeds from the Lagrangian ones :

4 O

A, = u, + 4,7, thanks to (H1), and by virtue of (H1) the Eulerian wave speeds are ordered.

\_ J

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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Cea 1D Simple Eulerian Riemann solverl5:6]

Summary of the Eulerian RS:

f A

Compute Lagrangian wave speeds : 4; and 4,

Composed of 4 states : U, U, U, U~
Separated by 3 discontinuities : —A,, A, A..

- Inherit the properties from the Lagrangian solver.

U; if % < Al, K j
x Ur if AL<Z2<A
Weul U 7U'r‘7 i Y i . [s g: 05
(U t) Ur i <Ag, 7 <Ay, 6 Compute Eulerian wave speeds A; and Ay and A,: )
U, it A <7
_ Al = — /11’[[ —+ l/ll —_ ﬂ“lfl* + M*;
Ps Ps _ — >
Us PsUg U; — p:“: AO e
Ps€s Ps€g _ A :ﬂf + U :—/II,T;\V‘I‘M*

K 2 rtr I

G. Compute intermediate states : ps*,ps*, eS*, s=1r

- Using Lagrangian RS.

p = p+ 4w —u™)
u; pl* _ ﬂvlpl | /ll e* — o1 plul —p*u*
, , . piu™ — u) Fe A
— Az 0 Az, z p:‘ _ ,lrpr g /1,, . Dt — p*u*
pr(ur — I/t*) oo /’tr

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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1D Eulerian FV schemel5:6]

Associated Eulerian FV scheme :

K +1 At * * \
U? = U} —— (Fi+1/2 - Fi—1/2)’

Xj

\_ /
Al AO

2 2

Ax;
At = CFL

Avicin + Aivin
pr

I A
Numerical flux :F* = ~(F,+F) (U* —U) (U* — UY) 2’” (U, — U%).

Time step monitoring

max;

nll
; |l/ll |

Properties of Fulerian FV scheme :

- First order in time and space;

- Positivity preserving;

- Entropy stability;

- Explicit expression for Eulerian wave speeds;

- Wayve speeds ordering.

5. G. Gallice, Positive and entropy stable Godunov-type schemes for gas dynamics and MHD equations in Lagrangian or Eulerian coordinates, Numer. Math., 94(4):673-713, 2003.
6..A . Chan, G. Gallice, R. Loubére, P.-H. Maire, Positivity preserving and entropy consistent approximate Riemann solvers dedicated to the high-order MOOD based finite-volume discretization of Lagrangian and Eulerian gas dynamics, Submitted 2021 to Computers & Fluids.
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Cea 1D High-order scheme

Method :

a )

. . . P OIYHOmial Decrement troubled cell .
Space discretisation: reconstructions |- d=max(d-10) | Detection 74
. . u;(x) degree d @ T ~ &
Polynomial reconstruction from 1st to 5th Lg

LOOP ]
degree + MOOD limiting. J"ﬁg N N\ “i v
w17

. —| Riemann solver | #* p* |  Fluxes T oy 1+
Time discretisation: ’ =172, 1+1/2 PR P ’
Runge-Kutta method lw ?
aveEs

\ J Z1ivie Lpivip

Zric12 Rrizip
J‘;...--_-__—_’;’L

High-order validation:

g | 5 { 1

Density Sine wave Modified non-linear smooth solution

10

p0=1+0.lsin(27rX), u0=1, p0=1/7 XG[O,I],p(): 1+0181Il(271’X), u0=0, Po =pg

---------------- ' slope -0.80

J— 10—” :- il

—  Exact solution

10—2.

slopg -0.96 —— Eul-2 - 100 cells ;
1074
10~ : ‘ 3

' slope -1.86

L? Error

1.05

10-°F

Density p

slope -4.92;
1078F RGO e R |

----------------------------- —=— EUL0 —— EUL3 \ 10~

1.0._. ! ! ! ! 10—6?

—s— EUL0 —+— EUL-2|

10—10.
GRS i 0.95(— | | | | | —— EUL1 —— EUL3|
—— i A
e _ 0.25 0.5 0.75 1 —_ — . e —L
IX 0 Ax 0% 6x10° 10 7% 102 Pasition 81011107 2107 110 6107 810110 510
k Mesh spacing Az Mesh Spacing Az J

7. S. Clain, S. Diot, and R. Loubére. A high-order finite volume method for systems of conservation laws — multi-dimensional optimal order detection (MOOD). J. Comput. Phys., 230(10):4028 — 4050, 2011.
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Cea 1D numerical results

j

EeBlanc shock tube - First-order scheme i

( Shu-Osher test case - High-order Schemex
.l“” - IZX.‘M f .\'nlll?l('-ll !
e G000 cells
—eo— 1800 cells =y
— Q) cells 20/@3
| =
==
e X 1.0
gl - 155
2 - %
— (<D =
= = o~
Z = 2| 3.0
ij " 1.0; =
- . ) 7:
10 2.0f = 3 ¥ nfoar -
ks - w— Reference solution
5 ul-4
dn e @ 2 Ok l-
- —+— Eul-3
Q 4 4
10~* —&— FEkul-2
: l e Hatl-]
3.0 6.0 5.0 0 30 50 50 —O: 1.0F

O \
K Position x : POSitiOI’l T : ; j “”]'“ - J
| | | | |

0.5 1.0 13 2.0 2
KNoodward—Collela blastwave - First-order scheme

Position x

0.30
0.035}
0.25% i
$
0.030} 3
6.0k < ’4
o203 || ] ;
0.025[ R ¥
: E
4.0k e 0.020 0 15q= 5 L0 M
= 0.015[ % H :
o
0.102 "l ke
sl 0.010F & " ;
c
0.05,5 )
0.005 - | l 1 1
U7 I [ I 10
] ] ] Position 2
05 0.6 W 0.1 02 04 06 08 Lo 000 o
Position @ Position K
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E Two-dimensional gas dynamics

(Governing equations :

-V -HU) =0,
= (U)

- Vector of conservative variables :
U = (p,pv,pe)' € R™*?,

- Flux tensor : FU) € R? x R4

pv’

pv @ v + ply
pevt + pvt

- d = 2 for simplicity.

\_

Commissariat a I'énergie atomique et aux énergies alternatives

4 oU N

Assumptions :

1
Specific internal energy : € = e — EV

2

Specific entropy : #

Convexity assumption : (z,#n) — &(r,n) strictly
convex.

(Gas dynamics entropy inequality :

opn
Py FV - (pnv) > 0, and thus

(2,Q) = (—pn, — pnv).

(Geometrical framework :

- n : unit normal to a generic interface,

- t : unit tangent to the intertace, such
that (n,t) a direct basis,

- v=yn+yt,v, =v-ny,=v-t.

Agnes CHAN

15th March 2022



Cea Multi-dimensional generic FV schemels

Notations :

- Polygonal tessellation U w_;

- &P(c) : List of points of w,;

- Wy, Subcell attached to point p

- & F(pc) : List of subfaces attached to dw, N dw,,.

Subface-based FV discretization :

4 )
(1) |, | (U U + At HU")nds = 0,

0w NOW,,,

n+1 n N —
@) lo U =Un+Ar ) > LF, =0,
peF(c) fed' F(pc)

0
Subface flux : F, .= HUpn, - J (W,ers — UDdS

\_ %

8. G. Gallice, A. Chan, R. Loubére and Maire P.-H., Entropy stable and positivity preserving Godunov-type schemes for multidimensional hyperbolic systems on unstructured grid, submitted J. of Comp. Phys.
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Multi-dimensional generic FV scheme

Subface-based FV discretization :

Non-conservative in the classical sense

4 A

o (U U +Ar Y ) LF,, =0,
pPEF(c) f€&F (pc)

\_ J

Properties of subface-based scheme :

- Y-preserving property under the time step condition :

Q)
At < || ,
min

Zpeg’(c) Zfe&?(pc) lpcf pcf

Remark :

- Comnservativity of FV scheme and entropy stability is not
cuaranteed.

- Retrieve conservativity through node-based conditions.

Commissariat a I'énergie atomique et aux énergies alternatives Agnes CHAN 15th March 2022



Conservativity of the FV scheme

Node-based sufficient condition :

Z‘ | 02, 2 2! : A
W, (Un+1 Un) — 0 o i 0 O
A >, 2 lboFay =0

c peX(c)fesSF(pc)

The F'V scheme is conservative if and only if :

cEC(p) fedF(pc)

AN =0,
gceé(p)feé’;(pc) PCf " Z Z PCf pef =0,
JESF (pc) cEE(p)

With €(p) : Set of cells sharing point p.
With §F (p) : Set of subfaces impinging at

point p,
Comnservativity and entropy stability assured provided
that G(f) : Set of cells sharing subface f.
D> byFoy+ 1Ly F oy =0, \_ _/

JESF(pc)

With d is the neighbouring cell such that w.U w, = f and
Lyer = Lyyr
pcf T

Remarks :
- Need of an explicit expression of subtace flux.

- Construction of 1D RS in the normal direction n, .

Commissariat a I'énergie atomique et aux énergies alternatives Agnes CHAN 15th March 2022



2D Lagrangian Riemann solver

-~

2D Lagrangian gas dynamics
oV 0G,(V)

| 0 * o _
ot om (5) MV = Vi) + Gy —Gni =0,
—AT(VT — V,,f) + Gn — Gn,r = 0,

Solution of the system :

V = (7, v, Vi, e)t, Gn — (—Vn,p,O,PVn)t

\_ J

Construction of simple Lagrangian solver:

Lett and right flux :

Vit & < =N,
m. Vz(if—)\l<%§(), . m
W(levfm ?) — V*if 0 < % <\, Gn — Gn,l — Z/Ik(vk+l — Vk)’
Vb A < 22 k=1
m
- G =G .- Y (V.. = V)
- Intermediate states : V' = (7], vy, v, €,), n = nr ; Vi1 = Vi)

- Intermediate fluxes : G, = (=va, 0.0 vy

W induces a conservative Godunov-type FV scheme if

G; -G, = - Z A(Vig1 = V) + Gy, = Gy = 0,
k=1

I 1
The usual 1D interface flux is simply given by G, = E(G; G;), and writes G, = 5 Z | Al (Vi — V).
k=1

Commissariat a I'énergie atomique et aux énergies alternatives Agnes CHAN 15th March 2022



2D Lagrangian Riemann solver

(&) develops into :

)\Z(Tl* o Tl) o (U:; o Un,l) — O? )\T<7—: — Tr) + (U; — vn,r) — 07
Ai(vy — vny) — (P7 — 1) 0 Ar(Vn — Vnr) — (PF — Pr) = 0
S n ) [ 9 Sr T 5(1 T r T y
( l) )\l(vf — Ut,l) — O, ( ) )\T(Ut — Ut,r) — O,
AN(ef —e) — (pfvy —pivny) = 0, Ar(er —er) — (prvg — Prvny) = 0,

9 unknowns for 8 equations — v* is viewed as a parameter.

4 A

Consistency of Lagrangian solver (&) + (&) : / Combine second equation of (&) and (&) 3\

(1) (2) p;( _p[* — (/Il + /1,,)(\/;: o vn)
Gy — G, =4V} =V) =V, = V) +G,, - Gy, Mnit A4Va, (D= D)

where Vp = A+ A A+ A
[ r [ r
N VAN

- If v¥ =7, : Conservative Godunov-type FV scheme.

/

- If vy # 7, : vy is a parameter, p # p;, non-conservative Godunov-type FV scheme.

— call upon node-based conservation condition.

Commissariat a I'énergie atomique et aux énergies alternatives Agnes CHAN 15th March 2022



2D Lagrangian Riemann solver

(zeneric node-based conservation condition

Substitute Lagrangian flux in chf ;

-~

~

> Me(Vig1 = Vi)|  + Guy — Gy
L k=1 de.d
0
~t [ * * 1
— n_Gn_(pr_pl) 0
Un

j

Z Z lpchpcf = ():

JES F(pc) cEEG(p)

Node-based conservation condition writes :

4 )
0
* * 1
Z lpcf(pr _pl) 0 =0
FESF(p) Uﬁ
We prescribe vy’ = v, - n,
v, 1s the nodal velocity.
\_ _/

Z ZPCf(’ll T ’lr)(npq‘ X np6f)vp - Z ZPCf(’ll T ’lr)vn,pCfnpq"
JeSF(p) JeSF(p)
Mg A po—p
where v, = .
Pd A+ A, A+ A,

The system always admits a unique solution providing an approximation of the nodal velocity:.

Commissariat a I'énergie atomique et aux énergies alternatives

Agnes CHAN

15th March 2022
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Counterpart Eulerian RS

~

2D Eulerian gas dynamics

oU  OF,(U)

ot 0X;,

U — (pa ,DVn, ,OVt, pe)ta
F. = (pv,, pvﬁ + P, pyyVs, pve + pyy)

Figenvalues : v, —a,v, , v, , v, + d

. .. Opn O
Entropy inequality : F—(pnv,) = 0.

K ot  Ox Y

Construction of simple Eulerian solver :

U, if In <A

eul 'CE_H _ LZ( if Al < Tn < AO

W (UlyU’r‘; 4 )— -L;): if AO < a:Tn SA
U, if A, <o

By means of Lagrange-to-Euler mapping V — U(V):

* * * *)t.

- Intermediate states : U} = (", p; Vs Py Ve Po€

Agnes CHAN

Subface Riemann problem :

ou oJF,
| = (), where F, = HU)n
or  0x,

U; if x, <0,
U(@n, 0) { U, if 2, > 0.

Fulerian RP with respect to the 1D Eulerian
coordinate x, =X -n.

Fulerian wave speeds :

Al — Un,] — >\l7_l — U:; — )\lTl*,
A() — U;,

15th March 2022



Counterpart Eulerian RS

Relation between Lagrangian and Eulerian fluxes :

G —

\_

~

Lagrangian left & right fluxes

1~ Vi)

G, =G, - Z (Vi
k=1

1~ V)

Gl-le_ — Gn,r o Z /Ik(Vk
k=1

G; - = Z ;tk(Vk+1 o Vk) T Gn(Vr) - Gn(Vl)

J

-

(1

\_

~

Eulerian left & right fluxes

F,=- ) AU, -Uy+F,U,)-F,®U)
k=1

) Fa -

Substitute expression of eulerian wave speeds
Ay =V, + 47 and

using Lagrange-to-Fuler mapping :

FH — = Z ﬂk(Vk+1 o Vk) T Gn,r o Gn,l

_ y

(2) Fp -

Fundamental formula :

— Z Ak(Uk+1 o Uk) T Fn(Ur) _ Fn(Ul) - Z /Ik(Vk+1 - Vk) T Gn(Vr) - Gn(Vl)v

k=1

k=1

F;—F;:G:—é;

Commissariat a I'énergie atomique et aux énergies alternatives
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Cea Counterpart Eulerian RS

e ——

Summary of the subface-based F'V scheme:

~

(Subface—based F'V scheme :

Ut - U - ‘j‘ Yo Y LF,=0

K PEX(c) JeS F (pc) j
\

6 Lagrange-to-Fuler mapping :

— 2 Ak(Uk+1 Uk) — Fn,r — Fn,l — = Z lk(Vk+1 o Vk) Gn,r o Gn,l
k=1 k=1

6 Subface flux chf = F ., writes : ] _ N

_ 1 1 |«
Fper = §[Fn,p6f (Ue) + Fn,pCf(Ud)] ) Z Ak|(Uk41 — Ug)
L k=1 dc.d

0
1 _ 1
_5()% + Ar)[Vp - Dpef — Un pey] 0

K Vp - Npey j

The multi-dimensional numerical flux corresponds to the

classical one-dimensional numerical tlux + nodal contribution from the node velocity v,
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Cza Comparison of classical scheme and Subface-based FV scheme

S ——

Classical FV scheme : Two-point scheme Subface-based F'V scheme - Multi-point scheme

Stencil
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2D Numerical results

Comparison of first-order two-point solver and multi-point solver.

a Odd-even decoupling N[ Modified Odd-even decouplingl!!] N

I'wo-point solver Two-point solver

Multi-point solver Multi-point solver

250 300 350 7%() 29) 380
Position x Position x
Density Density
1.0e+00 1.5 ? 25 3 3.5 4 4.5 5 55e+0C 10e+00 1.5 2 2.5 3 3.5 4 4.5 5 5.5e+0C
D pe— e | eeE—
10Y — / \ 10° —

Deviation g, en fonction
de la position de choc X,

107
102 Deviation gy en fonction

€g = mdaax; j( ‘pi, i T Pi ), T et de la position de choc X | ~ Malti-point sobver

80 —— Two-point solver 80 —— Two-point solver
J
|
Pi = 7 2 Pij
i=1 107

) & m—
400 800 400 800
) X, X.

11. A.V. Rodionov, artificial viscosity Godunov-type schemes to cure the carbuncle phenomenon, Journal of Computational Physics(345):208-329, 2017
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2D Numerical results

Comparison of first-order two-point solver and multi-point solver.

-

Mach 20 flow over half-cylinder

Two-point solver

Shock
instaRility :

Multi-point solver

\_

Carbuli¢le
Density Density Density Density
10e+00 2 3 4 5 6.5e+00 97e01 2 3 4 5 62e+00 1.0e+00 23 4 5 6.1e+00 10e+00 2 3 4 5 60e+00
o ' o - — .
2
1.5
,
O
+o
-
L
S,
G
S 1.0
O
<)
b
=
0
7
)
<
A .
Newtonian law
0.5
| Two-point solver - 5671 triangular cells
®  Multi-point solver - 5671 triangular cells
®  Multi-point solver - 5000 quadrangle cells
¢ Multi-point solver - 2872 polygonal cells
|
0 30 60 90

theta
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Noh test case on a polar grid

Two-point solver

0 0.2

04

N
0 N
Y 0.2 Nm
. A\ | {
[ b,
|
i |

Density
1864003 4 &5 6 7

E———

8§ 9
TR R R R

e

Two-point solver scatter plot

2

10 11 12 13 14 15 16 17 18 20e+0l

|| :
[ ‘
15.0F
=10.0
>
+~
§%
-
j<B]
A
0.0
aaa . |
Two-point solver - 200 x 200 quads
Multi-point solver - 200 x 200 quads
1 1 I
. 0.1 0.2 0.3 0.4
Radius r

L T PEEY T ,
+
L
=10.0r
>
o
n
-
j<b]
A
0.0
N '
Multi-point solver - 50 x 50 quads | ¢4, ]
o
Multi-point solver - 100 x 100 quads Vid o, ‘
Multi-point solver - 200 x 200 quads
|
O 1 1
0.1 0.2 0.3 0.4
Radius r

Multi-point solver
0 0.2

Density
10e4002 3 4 5 6 7 8 9

l , | | | =i

10 11 12 13 14 1.6e+01

e

Multi-point solver scatter plot -
Symmetrical solution
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Cea 2D Numerical results

Comparison of first-order two-point solver and multi-point solver.

Sedov test casell2

4 Cartesian grid ) Irregular cartesian grid

) Top left: Top right:
Two-point solver Multi-point solver 2Az x 20y Az x 2Ay
-1 0 1 - B v
amg.gﬁ.iﬂu i3 ::::"
:::ﬂ: aiii tl. saess
* i : aa i 3Eest
:;i:::: i 3 :gg::::@ :::-.
::g‘i::: i:::ﬁ:::::. E'.:'.: ::i:::%:
i B B R
l“lg : ”:E....
e
Y Y - :
Bottom left: L éoﬂom right:
2Az X Ay Az x Ay

7604 05 1 15 2 25 3 35 4 4550e+00 4903 05 1 1.9 2 2.9 3 3.9 4 4.4e+00
|

| — N

6.0f Two-point solver - Eul-0 6.0 . Top right | |
Multi-point solver - Eul-0 *  Bottom right
Bottom left
Top left
4.0 4.0
Q
>) ‘Q
= -3
5 Z
a A
2.0 2.0
l
0 0

|
0.6 1.2
\ Radius r

12. N. Fleischmann, S. Adami, N. Adams, A shock-stable modification of the HLLC Riemann solver with reduced numerical dissipation, Journal of Computational Physics(423), 2020.
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2D Numerical results

Second order extension for both two-point and multi-point solver

Isentropic vortex

Density p

Two-point scheme Multi-point scheme
N x N L? error L? order L? error L? order
25 x 25 | 3.2265F — 03 — 2.3836F — 03 —
o| 50x50 | 1.5660E—03 | 1.04 |1.1269E-03 | 1.08 [
= | 100 x 100 | 7.8289F —04 | 1.00 | 5.5048E —04 | 1.03 — T B
1200 200 | 3.9078E—04 | 1.00 | 2.7316E—04 | 1.01 g B P
400 x 400 | 1.9656F — 04 0.99 1.3518F — 04 1.01 | | Position 2 | |
Expected 1 Expected 1
25 X 25 1.2312FE — 05 — 3.2875FE — 05 —
~ | 90 x50 | 2.9202E — 06 2.07 1.9563F — 06 1.79
= | 100 x 100 | 6.9651F — 07 2.07 2.8055F — 06 1.75
M 1200 x 200 | 1.7560E — 07 | 1.98 | 7.7364E —07 | 1.86
400 x 400 | 4.2756F — 08 2.04 2.0124F — 07 1.95 ]
Expected 2 Expected 2 i 107}
2.5 x 1073 5x 1077 e ﬁ S>1<3 ;(g;; N 2 x 1077 4 x 1072
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2D Numerical results

Comparison of first-order and second-order two-point solver and multi-point solver.

Mach 3 flow over forward-facing stepl!sl

Two-point solver Eul-0 Multi-point solver Eul-0
0 ! 2 3 o |
I+ . gt | F
\‘-
Y 05t 105 05}
)
‘1 ik 0 t
X
Density
66801 15 2 25 3 35 4 45 &5 B& 6 65 T  78e+((
Shock | Cse—
instability
Two-point solver Eul-1
10 ]0 ‘ 3 3 0 1 = 2 3
YO.&F r 05+
0 00
5201 1 15 2 25 3 35 4 45 §5 55 6 65 72e4(( 00e40005 1 15 2 25 3 35 4 45 5 6 6.6e+l0
falk fe bl oo e

_/

13. P. Woodward, P. Colella, The numerical simulation of two-dimensional fluid flow with strong shocks, Journal of Computational Physics(54), 1984.

55
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2D Numerical results

Comparison of second-order two-point solver and multi-point solver.

Mach 2.032 planar shock wave and square cavity!!4

K Two-point solver Eul-1 \K Multi-point solver Eul-1 \

Shock
imstability

_ A PN SR Y

14. O. Ugra, J. Falcovitz, H. Reichenbach, W. Heilig, Experimental and numerical study of the interaction between a planar shock wave and a square cavity, J. Fluid Mech(313), 1996.
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Extensions: 3D FV scheme and 2D axi-symmetric scheme

K 3D platform based on PETSc arChitecturex Comparison of 3D and 2D axi-symmetric scheme.

1.0e+00
Application Codes l Higher-Level Libraries ‘ ‘ ’ 0.9
PETSc
, : - 0.8
TS (Time Steppers) DM (Domain Management) Apphcatlon code
Backward Rosenbrock- Distributed | Plex (Un-
Euler [ g ' | RK | BDF | SSP | ARKIMEX | Amy | structured) | PETS | 07
; — d = .
SNES (Nonlinear Solvers) TAO (Optimization)
{Newton Line| Newton Trust Levenberg-
. FAS | NGMRES | NASM | ASPIN | - Newton — 06 >
- r Regi Marquard . . =
g i = — e TS (Time Steppers) DM (Domain Management) 2
; KSP (Krylov Subspace Methods) 8
2 — 0.5
< | | GMRES | Richardson | CG | CGS | Bi-CGStab | TFQMR | MINRES | GCR | Chebyshev |Pipelined CG) - Euler RK SSP Plex (Unstructured) | Distributed Array
E PC (Preconditioners) 04
2| ame ] Poc | sacobi | 1cC [ | LU | SOR ’ MG | AMG | BODC | Shell | - Vec (Vectors) IS (Index Sets)
G chwarz Jacobi .
£ 0.3
£ Mat (Operators)
ok | i e | Standard General
S::::ere;:/v Cg;k Bm:]ectg; Dense | CUSPARSE lViennaCL FFT | Shell | - 05
I ° . '
Vec (Vectors) | ’ IS (Index SeItS) ‘ . . 2D_ aXlsymmetI‘lC
untd | CUDA | Viewacl ‘ Geresl | Bl ’ i BLAS/LAPACK MPI 3D multi-point scheme . 12601
1283 (N—2097152) multi-point scheme
B 1282 (N=16384)

\ BLAS/LAPACK ‘ MP) ] j hexahedral CGHS .
quadrilateral cells
K \ N —— Reference solution

—=— 2D-axisymmetric multi-point solver- 1287

2D axysymmetric

Ouw), + (b)), + (yg)y =S 0.75

u = (p, pu, pv, pe)’
f = (pu, pu” + P, puv, (pe + P)u)’
g = (pv, puv, pv* + P, (pe + P)v)’

s = (0,0,P,0)’ 035

—s— 2D-axisymmetric multi-point solver - 642

—e— 3D multi-point solver - 1283

3D multi-point solver - 643

Density p
-
O

Add source term (S — g)/y

in two-point and multi-point scheme. 0 |

|
0.25 0.5 0.75 1
\ j Radius r
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Numerical results

K Sedov test case \

Two-point solver Multi-point solver

00

00

Comparison of 3D and 2D axi-symmetric scheme.

6.0F . —

2D-axisymmetric multi-point solver- 128°

3D multi-point solver - 1287

_____________________________________________________________________________________________________________________________________________________________________________________________

S
-
|

]

Density Q
10603 05 | 15 2 25 3 326400
e ' | ese— >
o
o r—f
P
-
-
6.0r . Two-point solver - Eul-0 | 6.0 . Multi-point solver - 128 cells
Multi-point solver - Eul-0 «  Multi-point solver - 64° cells 2 O I
Multi-point solver - 32° cells )
4.0 4.0
Q. i f
> >
S H
'a .a
- -
D O
- -
2.0F 2.0F 0 S T 1
Radius r
0 l 0 | |
0.6 0.6 1.2
Radius r Radius r

\_ J
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Numerical results

Comparison of numerical density along x-axis
Mach 20 flow over sphere \ .
6 .
- 3D mulfi-point scheme ‘ . wER
5 = 2D-axisymmeftric multi-point solver ’
| + 3D multi-point solver - Refined wall

24 Density at stagnation point:
n .
C - Analytic : 6.4378
Qq - 2D axi-symmetric : 5.711
- 3D scheme : 5.599
) - 3D refined wall : 6.383
‘l-l ] 4] <] ] u ] 4] ] ] ] ] u 4] [} ] ] <] <] ] o ] <] u u <] ] o ] [ ] ] ] |
-1 -0.75 0.5
Position
5.76+00 20 Comparison of Pressure coefficient
-5.5 U
5
. . 0000000
SD mlﬂtl‘POmt SCheme 45 “”"‘%,, —Reference Cp from Newtonian Law
| TT] *000s = 2D-axisymmetric multi-point solver
N = 255000 15 nal LT e, - 3D multi-point solver
hexahedral cells =4 ] n, ‘0.‘ + 3D multpoint solver - refined wall
-~ 35
25 ‘8‘ 1.0
2
1.5
2D-axisymmetric , 05
multi-point scheme —
N = 3000
quadrilateral cells -.'.‘.lln'.|..-|

K ’ X J 0 45 30
Theta
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3D Numerical results

Blunted cone-flare test casellsl f

Ma = 6; N = 1.5 million hexahedras (3D) a structured 2D axisymmetric solverl16l,
: 3.1e+04
Euler 3D -- 2P solver 20000
R=3.5
075
— 10000
17.5° :
P 73.42 P ‘,.;,"il - 0
) BT o ~ 5000 3
‘ = , i 2
P B 0
) i*‘:iif'z'z"iz»‘iig'ii i o
_ = ,.;'.L"j.loze~j;ﬁ‘$t11ﬁ?$%;ﬁff:.f&i;Eﬁtgig;‘t” HH -
ST, T“”;i;i’tm“: i
hatitsnsesttttisnt sttt st
SN 2000
‘ ‘: .N\'//'I" 1323
%Hxi{{{ e kLLQ i
B2t T .
S Uy R — i Euler 2D axi — HYPERION 1000
G N = 2 million quadrangles
6.7e+02
10000
0000 >§ - Pressure sphere, Euler 3D, 2P solver
8000 B = Pressure cone 1, Euler 3D, 2P solver
2 » Pressure cone 2, Euler 3D, 2P solver
70005 + Pressure, Navier-Stokes axi, Savino et al.
6000 ; = Pressure, Euler axi IBC, HYPERION
5000/ %
&
& 4000]%
27t
° $
8. 3000] =
ot »
G e
; R
2000 : ==
_'_
=8 B
_'_
T TR R
AR
\/
]OOOO 20 40 0 80 100 120
X coordinate
Pressure
g el ST R IR : : Eulerian code matches reference data
R@leCUl&thﬂ Z011€ when viscosity effect becomes small J
15. R. Savinoo, D. Paterna, Blunted cone-flare in hypersonic flow, C&F 34, 2005. K
16. T. Bridel-Bertomeu, Immersed boundary conditions for hypersonic flows using ENO-like least-square reconstruction, C&F 215, 2021
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3D Numerical results

K Maneuvrable Re-entry Vehicle (MaRV)[17l
Ma =5; N =11 million tetrahedra

Streamlines on bottom and top
side are non-symmetrical.

=~

R OS
o
N #”
L
e DY
R O
S #
- v
N e
e Oy
— ,‘iﬁ; P
£ e
=
e e
e
o j‘f}f D 75 I
== — e o e > i N

Extra rarefaction on bottom side.

\_

J

17.T. Petsopoulos, F. Regan, J. Barlow, Moving-mass roll control system for fixed-trim re-entry vehicle, Journal of Spacecraft and Rockets, 1996, 33(1),
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Oc — 8°

1 = 66 inc.
Ry = 1.899 in.
Ry — 10.853 in.
Rp = 7.761 in.

Rp

Rp
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Implicit scheme :

-

[on
At

- sU, =Urt U

\_

5U, = — R (U™

_Residual : R(U)= ) > [ F,.,

pEP(C) fESF (pe

~

/

Define g as the Newton or nonlinear iteration

counter :
‘ We ‘ q q n +1
(Ul +oUl—U?) == R (U,
At
_ Uq+1 .
— Yo Taylor expansion of R, :
Unknown

1 aI{c
R (U™ ~ R (U9) + v

ouU

C

Commissariat a I'énergie atomique et aux énergies alternatives
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Extensions: Implicit time discretization

Implicit scheme for steady state yields :

We want to tind oU — 0, by setting g =0 :

|

@ |

~OR,(U")

At

5U. = — R (U").
U,

|

mplicit

operator

Matrix form of the implicit operator :

M
( | ) 5U = — R (U,

Agnes CHAN

At

Diagonal block-matrix : M,

Bloc.

K matrix containing the

Jaco

hian of numerical flux : E.

Solving non-linear system :

Iterative method : GMRES

Preconditioning : ILU

15th March 2022



Extensions: Implicit time discretization

Implicit numerical results : Mach 20 flow over half-cylinder

N = 5000 quads N = 5671 tris

Two-point scheme Multi-point scheme
-1 0 ]

.
1

|
t

Two-point scheme Multi-point scheme

1.5+

0.5+

—_
)
o
—_
)
o

—_
3
DO
—_
3
[\

= =
log(L2 residual)
= =

log(L2 residual of density)

107® \ 107®
\
\\ \
1010 | | \ 1010 | | : \
—— Two-point scheme - CFL =1 \ —— Two-point scheme - CFL =1 .
= = T'wo-point scheme - CFL = 10 \ = = Two-point scheme - CFL = 10 P \
10_12_ === Multi-point scheme - CFL =1 \‘ 10_12_ === Multi-point scheme - CFL =1 . \_
""" Multi-point scheme - CFL = 10 s ===== Multi-point scheme - CFL = 10 - \
} I I _ ) I I _
10 10 10° 10° 10° 10° 107 10 107 10° 10* 10°
log(iter) log(iter)
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Extensions: Implicit time discretization

Implicit numerical results : Mach 6 flow over blunt cone-flare

N = 61494 tris

Pressure
-50

50 100
80+

Density
1530 -50 5p ](?O

150

40+

Pressure
1.0e+00 2

5 10 20 4.1e+01 84e-01 1.5 : . 4.5 5.0e+00
] C— —
10! S—
Tt e— ~--..~\i~
- .\‘ \\
10~ \ \
\ \
\ \
~—~1N0—3 1
= 10 \ ! \
— .
= \ '
£ - \
—
~ 1070 \ !
- | \
jﬁ |
S | || \
7 | |
10 ' 1
1
| i
\ |
10—9_ Multi-point scheme - C'F'L = 10 ‘|
= = Multi-point scheme - CF'L = 100 \ | \
===+ Multi-point scheme - C'F'L = 1000 | !
10V 10° 10“ 10°
log(iter)
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CLa

S ——

-~

1D Lagrangian shallow water equations

~

AR H(V) = P(V)
ot om B ’
V=_x/hu!, HV)=(—up)

P(V) = (0, — ghd, B)'

h2

Pressure : p = g—

2

0
Entropy inequality : —E 4

ot om

0
(pu) £ — ghuo, B

J
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Extensions: Shallow water equations

-~

\_

1D Eulerian shallow water equations

’ F(U) =5(U),

ot

ox

U = (h, hu)',

F(U) = (hu, hu’* + p)’

~

S(U) = (0, — ghd B

Construction of simple well-balanced Lagrangian solver:

Vi

m B V7
W(77VZ7VT) — V:
V.,

1
Wi * *
ith VS_(h;(9us)

if
if
if
if

< 0,
Ar,
Agnes CHAN 15th March 2022



Extensions: Shallow water equations

Consistency of the Riemann solver : Lake at rest stationary solution,
a ) uy=u.=0,,y+ B, = h.+ B, =n constant :
-4V =V) +4(V,— V) = AH — AmP,
ghAB = — (p, — p)).

We set hAB = h(B, — B)), provided that

Where hAB = Amho, B

\_ J 1
h = E(hr + )
f Jump relations : \
1 1 Lagrangian numerical flux :
I/tl* — ﬂlh_* = U; — /Il;a 1 5 5 /ll /1X
[ l H " =—H,+H)—-—(V=V)—-—(V. = V).
N [ r N [ [ N r r
" = u,
N 1 1
u +A—=u.—A—, .
k h* h, J Lagrange-to-Euler mapping:
I *
Al — ul_ll;,AO = U ’AI” — l/lr‘l‘lr_
[ r
: : x
Compute intermediate states u. , h, Fulerian numerical flux -
1 A A A
F* = —(F, +F) 21 (Ur —U) 20 (U = Uf) = —H(U, - UD).
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Extensions: Shallow

Subcritical flow

2.0mmwm~m

—
o5

—
-

Free surface (m)

=
Ut

/\

—— Bottom

—e— Numerical solution

---- Exact solution

5.0

10.0

5.0 20.0 25.0

Position (m)

water equations 1D Numerical results

2.0

—_
1

—_
-

Free surface (m)

=
Ut

Supercritical flow

[

AN

—— Bottom
—e— Numerical solution

---- Exact solution

5.0

10.0

5.0 50.0

Position (m)

25.0

Free surface (m)

Transcritical flow

1.2 ‘
—— DBottom
—— Numerical solution
4\ ---- Exact solution
0.9
0.6 \
0.3
80 5.0 T0.0 5.0 200

Position (m)

Modified dry bed - Positivity-preserving validation

15.0

—_
=
-

Free surface (m)

Bottom |
t=0s

t =0.05s
t =0.25s
t =0.45s
t =0.65s

St
-

10.0
Position (m)
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20.0

25.0

300F — t =0.05s

200F — 4 — 0658

= 100
8
|
7
o
= —100
—200 /
—300 , f

0 5.0

Agnes CHAN

10.0

15.0 20.0

Position (m)
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Lake at rest over 3 mounds :

4.0e+00
[ 39
3.8

- 3.7
— 3.6
— 3.5
3.4
3.3
3.2

Water height

3.1e+00
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Extensions: Shallow water equations 2D Numerical results

Quirk test case :

Two-point solver

0.5

O i/
Water height
10e+00 3 4 5 6 7 8 1.0e+0]
| —

Multi- point solver

0.5

Water height
10e+00 3 4 & 6 7 8 1.0e+0]
ﬁl | | | _

Agnes CHAN
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Conclusion & Perspectives

Conclusion

~

1.

2.

. Oimple Lagrangian Riemann solver and Eulerian counterpart thanks to

. Node-based conservation and entropy condition.
. Positivity and entropy stability under explicit time step condition;.
. F'V scheme less sensitive to instabilities.

. Gas dynamics application.

Novel class of subface-based FV scheme for hyperbolic systems.

Subface numerical flux with non conservative approximate Riemann
solvers.

Lagrange-to-Euler mapping.

Extensions : 3D, implicit time discretization, shallow water equations.

J

Perspective :

4 1. Extension to complex physics : MHD, multi-material tflows etc. N

2. Navier-Stokes equations.

. | .
\3 Real gas Y
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Annexe

Comparison of two-point solver and multi-point solver.

Cvlindrical Sod shock tube

(¢

~

-

~

omparison of numerical density and internal energy CPU time decomposition
(40000 quadrilateral cells)
—— Two—pointl solver - Eul-0 28 . Two—point solver - Eul0 TWO—pOint scheme
[ p—r —— Multi-point solver - Eul-0 | —e— Multi-point solver - Eul-
e CPU Time per iteration[s| (CPU deocmposition [%])
. : . . Efficiency
- 2 Order  time | N. Iter | Init. Time Pl . Residual | s/itereell
. :;5 [s| step recon. States RS 1
£ 05 = 1 2.32s | 0.397s 0.032s | 0.0ls | 0.0009s
a = 38.7 847 - - 1.104
220 (Eul-0) (6%) (1%) (69%) (22%) (2%)
095 9 1.48s 0.002s 0.091s 0.018s 0.042s 0.009s 0.002s
148.65 895 4.011
(Bul-1) > %) | (%) | (55%) | (11%) | (25%) | (6%) = (1%)
1.6
B 0.9 0.5 0.7 7.0 0 0.25 05 075 7.0
Radius r Radius r
(@) (b)
‘ = 23 Multi-point scheme
10 : I\T/[Wi'.pon.lt:d\;er ) E];ﬂ_111 7 —— T'wo-point solver - Eul-1
. | ulti-point solver - Eul- —e— Multi-point solver - Eul-1 Tlme per iteration[S] (CPU deocmposition [%])
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